Given positive integers n, k, t, with 2 ≤ k ≤ n, and t < 2 k , let m(n, k, t) be the minimum size of a family F of nonempty subsets of [n] such that every k-subset of [n] contains at least t members of F, and every (k − 1)-subset of [n] contains at most t − 1 members of F. For fixed k and t, we determine the order of magnitude of m (n, k, t). This extends a result of Sloan et. al [7] . For fixed k, our results imply that M (k, t) = lim n→∞ log n m(n, k, t) is not monotone in t. This is related to a question of Füredi et. al [5] .
Introduction
In this paper we study two extremal functions for set systems, the threshold function m(n, k, t) and the non-uniform Turán number T ≥r (n, k, t).
Füredi-Sloan-Takata-Turán [5] studied m(n, k, t) as a purely combinatorial problem. They proved that for fixed k, m(n, k, 2) = (1 + o(1))T k−1 (n, k, 2), where T k−1 (n, k, 2) is a generalized Turán number. In [5] , the smallest nontrivial case, m(n, 4, 3), is determined exactly for large n. It is also mentioned in [5] that one expects if n and k are fixed, then m(n, k, t) decreases with t for t < k.
We study m(n, k, t) for all 1 ≤ t < 2 k . Our first result not only shows that m(n, k, t) exists for every t, but also determines its order of magnitude. In particular, it implies that for fixed k and t, log n m(n, k, t) is far from being monotone in t for 1 ≤ t < 2 k . • If
• If
where c > 0 is a constant that depends only on k and j.
2. The lower bound in (1) is trivial unless n is large since the constant c is very small. Actually, we obtain c from iterated Ramsey numbers:
3. The case t = 1 is covered later by Proposition 3.
Theorem 1 implies that M (k, t) exists for all 2 ≤ t < 2 t and gives the values of M (k, t) as follows.
Corollary 2. Let I j be defined as in Theorem 1. If
Corollary 2 implies that M (k, t) is far from being monotone in t. For example, the following table of m(n, 5, t) illustrates this phenomenon. 
For the following special values of t, it is fairly straightforward to determine m(n, k, t) exactly.
In the definition of m(n, k, t), if we remove the second restriction for the set system, we obtain another extremal function which appears not to have been studied before, the nonuniform Turán number T ≥1 (n, k, t). More generally, given integers n, k, t, with 1 ≤ r ≤ k ≤ n, and 0 ≤ t < 2 k , a family F ∈ [n] ≥r is called a Turán-≥r (n, k, t)-system if every k-subset of [n] contains at least t members of F. The (non-uniform) Turán number T ≥r (n, k, t) is defined as the minimum size of a Turán-≥r (n, k, t)-system. When t ≤ k r , replacing the subscript ≥ r by r, we obtain the well-known (uniform) Turán number T r (n, k, t) = n r − ex(n, G), where G is the family of the k-vertex r-graphs with at least k r − t + 1 edges. For example, the graph Turán number T 2 (n, k, t) can be found (in many cases) by Turán's Theorem [8] and the Erdős-Stone-Simonovits Theorem [2, 4] . However, the asymptotics of T r (n, k, t) are not known for any t ≥ 1 when r ≥ 3. For example, determining T 3 (n, 4, 1) is a well-known conjecture of Turán.
The second part of this paper is on the relationship between T ≥r (n, k, t) and T r (n, k, t). Often nonuniform statements of classical extremal results are much easier to prove than their uniform analogues (the Erdős-Ko-Rado theorem is one example); our results show that this is not the case for the nonuniform Turán number.
This implies that
The following theorem shows that equality holds asymptotically in (2) (the special case j = r is stated in the abstract).
Theorem 4. Let r, k, t, j, t 0 be as in Observation 1.
We conjecture that (2) is sharp.
Conjecture 5. Let r, k, t, j, t 0 be as in Observation 1. Then
We also have the following partial results.
Proposition 6. Conjecture 5 holds in the following cases:
• t ≤ r + 1
This paper is organized as follows. In Section 2 we present the proof of Theorem 1 and Propositions 3. In Section 3, we prove the results on T ≥r (n, k, t).
Most of our notations are standard:
An r-graph on X is a (hyper)graph whose edges are r-subsets of X.
Proofs of results on m(n, k, t)
, it satisfies the following two conditions:
Our proof of Theorem 1 is facilitated by a sequence of four lemmas, which give upper and lower bounds for m(n, k, t) in various ranges of t.
We first show that i ≤ i. When i = j, this is obviously true. So we may assume that i < j.
The choice of i implies that
where the second inequality follows from the fact
for every < k. The choice of i and (3) thus imply that i ≤ i. F is a (k, t) -system. By Property D, every k-set in [n] must contain at least one set S ∈ F ≥j . Since each such S lies in at most Proof. First, the assumption
system. We claim that F contain no copy of K
Otherwise, we obtain a (k − 1)-set which contains at least
Recall that the Ramsey number R (i) (s, t) is the smallest N such that every i-graph on N vertices contains a copy of either
⊂ F, the definition of m 1 implies that there exists a m 2 -subset S 2 ⊆ S 1 with all of its (k − j − 1)-subsets absent from F. Repeating this analysis, we find a sequence of subsets 
Proof of Theorem 1.
If k−1 j ∈ I j , then by Lemma 8 and Lemma 9, for every t ∈ I j , we have
∈ I j , then we partition I j into I 1 j and I 2 j , where
j , again by Lemma 8 and Lemma 9, we have
Otherwise, t ∈ I 1 j , Lemma 7 and Lemma 10 imply
Before proving Propositions 3, we make the following observation on the structure of a minimal (k, t)-system for large t.
Observation 2. Let F be a minimal (k, t)-system for some t ≥ 2 k−1 . Then we may assume that
In fact, if A ∈ F contains a nonempty subset B ∈ F, then we replace A by B in F, the new set system F clearly satisfies Property D as well. Since t > 2 k−1 − 1, Property S also holds in F (any (k − 1)-set of [n] has at most 2 k−1 − 1 < t nonempty subsets). We repeat this process until (4) holds in the resulting set system.
We are ready to prove Proposition 3. • (4) applies to F. We claim that F k = ∅. Suppose instead, that there exists a set S ∈ F k . Then S contains 2 k − 1 members of F by (4). After we remove S from F, the new system is still a (k, 2 k − 2)-system, which contradicts the minimality of F.
Proof of results on T ≥r (n, k, t)
Recall that F(S) = F ∩ 2 S for a set system F and a set S.
To prove Theorem 4, because of Observation 1, it suffices to verify the corresponding lower bounds for T ≥r (n, k, t).
Proof of Theorem 4 Part
≥r be a minimal Turán-≥r (n, k, t)-system. We are to show that |F| ≥
Therefore |F <j (S)| ≤ |F ≥j (S)|. Consequently (also using the fact that
This implies that |F <j | ≤ |F ≥j |. Therefore
The main tool to prove the second part of Theorem 4 is the following theorem of Erdős and Simonovits, which proves a phenomenon called supersaturation.
Theorem 11 (Erdős-Simonovits [3] ). For every ε > 0 and a family of r-graphs G on k vertices, there exists a δ > 0, such that every r-graph on n vertices with at least
Proof of Theorem 4 Part II. We are to show that for any ε > 0, there exists an integer n 0 > 0, such that for any n ≥ n 0 ,
Since (5) is a consequence of the following claims:
≥r be a minimal Turán-≥r (n, k, t)-system. By definition, every k-set of [n] contains at least t members of F.
contains at least t 0 sets from F of cardinality at least j.
Claim 2 follows from an averaging argument (and t 0 > 0),
Now we prove Claim 3. Suppose that F is a minimal Turán-≥j (n, k, t 0 )-system. It suffices to show that 
contains fewer than t 0 members of F j and no member of F i for i > j. Consequently S contains fewer than t 0 members of F. This contradicts the assumption that F is a Turán-≥j (n, k, t 0 )-system.
The following observation is needed for the proof of Proposition 6.
In fact, if there exist a set A ∈ F which has a subset B ∈
[n]
≥r \ F, we may replace A by B in F and the new set system is still a Turán-≥r (n, k, t)-system. Proof of Proposition 6. First, let F be a minimal Turán-≥r (n, k, t)-system satisfying (6). When t ≤ r + 1, we claim that there is no set A ∈ F >r (Conjecture 5 thus holds). Otherwise, (6) implies that |F(A)| ≥ 1 + r + 1 ≥ t + 1 for such A. We may therefore remove A from F and the new set system is still a Turán-≥r (n, k, t)-system (thus F is not minimal).
Second, we are to show
we use induction on k. When k = 1, t = 1 and T ≥1 (n, 1, 1) = n trivially. Suppose the statement holds for k − 1. Let F be a minimal Turán-≥1 (n, k, t)-system satisfying (6).
Suppose that there is a ∈ [n] such that {a} ∈ F. By (6), we know that no member of F contains a, and F is therefore a Turán-≥1 (n − 1, k − 1, t)-system on [n] \ {a}. Consequently,
where the second last inequality follows from the fact that T ≥r (n, k, t) is an increasing function of t and the last inequality follows from the induction hypothesis.
Finally, when k < t ≤ 2 k − 1, we are to show that T ≥1 (n, k, t) ≥ T ≥2 (n, k, t − k) + n. We again use induction on k and assume that F is a minimal Turán-≥1 (n, k, t)-system satisfying (6). If [n] ⊂ F, then there is nothing to prove. We may therefore assume that there exists a ∈ [n] such that {a} ∈ F. As before, F is a Turán-≥1 (n − 1, k − 1, t)-system on [n] \ {a}. Note that this is only possible for t ≤ 2 k−1 − 1 since if t ≥ 2 k−1 , then |F(S)| ≤ 2 k−1 − 1 < t for any k-set S containing a. We may therefore apply the induction hypothesis to conclude that |F| ≥ T ≥1 (n − 1, k − 1, t) ≥ T ≥2 (n − 1, k − 1, t − k + 1) + (n − 1).
Using the facts that T ≥r (n, k, t) is an increasing function of t and that T ≥r (n − 1, k − 1, t) ≥ T ≥r (n, k, t) (a Turán-≥r (n − 1, k − 1, t)-system over [n − 1] is trivially a Turán-≥r (n, k, t)-system over [n]), we finally have
